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Abstract
We provide a concise description of our recent work on the exact conformal field theory
( CFT) formulation of the superstring in the pp-wave background with Ramond-Ramond
(RR) flux, using the Green-Schwarz formalism in the semi-light-cone conformal gauge.
Due to the presence of the RR flux, the left- and the right-moving degrees of freedom on the
worldsheet are inherently coupled and this makes the canonical analysis intractable even
at the classical level. To overcome this difficulty, we develop a phase-space formulation
which does not make use of the equations of motion, and construct two independent sets
of Virasoro generators classically. Upon quantization, due to the presence of the RR flux,
the Virasoro algebra generically develops quantum operator anomalies and only with a
judicious choice of normal ordering prescription they cancel between the bosonic and the
fermionic contributions. With such properly defined quantum Virasoro generators, one
can construct the BRST operators and demonstrate that the BRST cohomology analysis
reproduces the physical spectrum previously obtained in the light-cone gauge.
∗Invited talk given at the conference “30 Years of Mathematical Methods in High Energy Physics”,
held at RIMS, Kyoto University, March 2008. To appear in the Proceedings.
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1 Introduction
Since its inception about 10 years ago, an impressive collection of “evidence” has been ac-
cumulated for the AdS/CFT correspondence[1, 2, 3], one of the most profound structures
in string theory. On the CFT side, extremely detailed analyses have recently become
possible, based on the powerful assumption of “integrability”[4, 5, 6, 7] as well as on
the state of the art perturbative techniques[8, 9, 10]. On the string side, we have also
acquired many interesting results, but most of them so far are classical[11, 12, 13, 14],
i.e. based on the classical solutions of either the supergravity or the string sigma model.
Understanding of the stringy aspects has been slow due to the difficulty of solving the
string theory in the highly curved background with a large RR flux.
In any case, it is fair to say that, despite the tremendous efforts having been made, the
understanding of the fundamental mechanism of this remarkable correspondence remains
as the central problem.
As we know, although the AdS/CFT correspondence contains some aspects of the
conventional open/closed string duality, there are crucial differences:
• It is a strong-weak duality, not the usual perturbative duality.
• It is a holographic duality. It is not relating the closed and the open strings both
in the bulk.
• In contrast to the usual open-closed duality, there is a regime where both the open
and the closed channel descriptions are dominated by the massless multiplets only,
for example by the super-Yang-Mills multiplet and the supergravity multiplet.
These aspects must all be related, but let us focus here on the strong/weak nature of
the duality. The familiar fundamental relation expressing this property is
g2YMN = 4πgsN =
R4
α′2
. (1.1)
The first equality expresses the ususal perturbative relation between the open and the
closed string couplings. It is the second equality which relates the weak string coupling to
the strong sigma-model coupling and vice versa. Let us recall the origin of this relation.
The bosonic part of the type IIB supergravity action is of the form
S =
∫
d10x
√−g
(
g−2s l
−8
s R−
2
5!
F 25
)
(1.2)
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We know that this admits the D3-brane solution due to the balance between the curvature
R and the RR F5 flux. In the near horizon limit, this is expressed as
g−2s
1
l8sR
2
∼
(
N
R5
)2
, (1.3)
where R is the common radius of AdS5 and S
5 spaces. Upon rearrangement this immedi-
ately gives (1.1). This clearly shows that the presence of the large RR flux is indispensable
for the strong/weak duality. It is acting as a kind of “anti-gravity” preventing the space-
time from collapsing.
Unfortunately, the treatment of the RR flux (and the associated curved background)
is precisely the largest obstacle which has been hampering the progress on the string side
of the AdS/CFT correspondence . To this date, the only such background in which the
string theory has been solved, to a certain extent, is the pp-wave background[15, 16, 17].
By adopting the light-cone (LC) gauge in the Green-Schwarz formalism[18, 19, 20], the
exact LC energy spectrum was found [21] to be that of free massive bosons and fermions
of the form En =
√
µ2 + (n/α′p+)2, where µ is the “mass parameter” characterizing the
curvature and the RR flux and p+ is the momentum in the light-cone direction. This
fact was exploited by Berenstein et al (BMN)[22] to initiate a detailed comparison of
the string spectrum and that of the anomalous dimensions of the corresponding gauge-
invariant operators in super-Yang-Mills theory (see [23, 24] for reviews). The interactions
among such stringy modes, however, have been understood only partially. The general
form of the 3-point vertex has been studied in the framework of the light-cone string field
theory[25, 26, 27, 28, 29, 30, 31, 32, 33, 34], while the higher point functions have not
been obtained. Thus, there is still a lot to be learned from the string theory in this simple
yet prototypical background in order to unravel, in particular, the role of the large RR
flux in the AdS/CFT correspondence.
Now one of the major factors preventing further developments of this theory is the lack
of conformal invariance in the light-cone gauge treatment. As it is a string theory, it should
be possible to formulate it as a conformal field theory (CFT), which was so powerful in the
case of the flat background. More explicitly, let us list some of the concrete motivations
for developing CFT description:
• It would be extremely interesting to understand how a (left-right coupled) “massive
theory” can be understood as a CFT, especially since the string in the AdS5 × S5
also has such an inherent left-right coupling.
• Even at the classical level, the Virasoro algebra structure for the superstring in the
3
pp-wave background with RR flux has not been discussed1.
• One wishes to be able to compute the correlation functions using a worldsheet
description. Once one can do this exactly in α′, we will obtain the corresponding
information in the gauge theory to all loop orders.
• It should be useful in understanding the modular invariance property. In the LC
gauge, the modular S transformation (τ ↔ σ) alters the gauge condition itself and
the modular invariance is not seen directly)[36, 37].
• It should serve as a step towards developing a fully covariant pure spinor formalism
[38, 39, 40] for the pp-wave background in operator formulation.
In the rest of this article, we will give a concise description of our recent work[41]
on such a CFT description of the plane-wave string theory. In section 2. we will begin
with the attempt at classical canonical analysis in (conformally-invariant) semi-light-cone
gauge[42, 43, 44] and describe the difficulty one encounters in such an analysis. To over-
come this difficulty, we develop, in section 3, a phase space formulation without the use
of equations of motion. In section 4. we will perform the quantization, construct the
quatnum Virasoro operators carefully and show that the physical spectrum agrees with
the one computed in the light-cone gauge. In section 5 we will discuss remaining issues.
2 Attempt at canonical analysis of classical super-
string in pp-wave background in conformal gauge
2.1 Green-Schwarz Lagrangian in the semi-light-cone gauge
We will employ the Green-Schwarz formulation developed by Metsaev[21] (see also [45]).
The basic fields are the 10 string coordinates2 Xµ = (X+, X−, XI), with I = 1 ∼ 8, and
the two sets of 16-component Majorana spinors θAα = (θ
A
a , θ
A
a˙ ), with A = 1, 2, where a
and a˙ respectively denote the SO(8) chiral and anti-chiral indices. The local κ-symmetry
is fixed by the semi-light-cone (SLC) gauge condition γ+θA = 0, where γ+ ≡ 1
2
(γ9 + γ0).
This is equivalent to θAa˙ = 0 and hence only the SO(8) chiral components θ
A
a will be
present.
1With NSNS flux in RNS formalism, see [35].
2We use the convention X± ≡ 1√
2
(X9 ±X0).
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With some slight redefinitions and simplifications, the Lagrangian in the SLC gauge
constructed by Metsaev[21] can be cast into the form
L = Lkin + LWZ , (2.1)
Lkin = −T
2
√−ggij (2∂iX+∂jX− + ∂iXI∂jXI − µ2X2I ∂iX+∂jX+) (2.2)
+ i
√
2T
√−ggij (∂iX+(θ1∂jθ1 + θ2∂jθ2) + 2µ∂iX+∂jX+θ1θ2) , (2.3)
LWZ = −i
√
2Tǫij∂iX
+(θ1∂jθ
1 − θ2∂jθ2) , (2.4)
where Lkin and LWZ are, respectively, the kinetic and the Wess-Zumino part, T = 1/2πα′
is the string tension and µ represents the strengh of the RR flux. The worldsheet coordi-
nates are denoted by ξi = (ξ0, ξ1) = (t, σ). After generating the Virasoro constraints by
varying gij, we take the conformal gauge gij = ηij = diag (−1,+1). Note that couplings
to the curved geometry and to the RR flux give quartic interactions in addition to the
cubic interactions, which are present even for µ = 0. In contrast, in the light-cone gauge
these non-linearities disappear as one can set ∂iX
+∂iX+ to a constant.
2.2 Equations of motion and their solutions
Despite the non-linearities of the Lagrangian mentioned above, it is possible to obtain the
general solutions of the equations of motion exactly.
First, the equation of motion for X+ is easily seen to be ∂i∂
iX+ = 0. So X+ is a free
field having the following mode expansion. (We will use calligraphic letters to denote the
fields satisfying the equation of motion.)
X+(σ+, σ−) = X+L (σ+) + X+R (σ−) , σ± ≡ t± σ , (2.5)
X+L (σ+) =
x+
2
+ ℓ2sp
+σ+ + iℓs
∑
n 6=0
1
n
α˜+n e
−inσ+ , (2.6)
X+R (σ−) =
x+
2
+ ℓ2sp
+σ− + iℓs
∑
n 6=0
1
n
α+n e
−inσ− . (2.7)
Next consider the equation of motion for the transverse coordinate XI . It involves the
X+R,L fields and reads
∂+∂−X
I + µ2(∂+X+L ∂−X+R )XI = 0 . (2.8)
This can be solved by introducing new variables ρ± (effectively adopting the light-cone
5
frame)
(σ+, σ−)→ (ρ+, ρ−) ≡ (X+L (σ+),X+R (σ−)) , (2.9)
∂˜± ≡ ∂
∂ρ±
= (∂±ρ±)
−1∂± . (2.10)
Then the equation (2.8) simplifies to
∂˜+∂˜−X
I + µ2XI = 0 . (2.11)
Let us further form the following field-dependent “light-cone coordinates”
t˜ ≡ 1
2ℓ2sp
+
(ρ+ + ρ−) , σ˜ ≡ 1
2ℓ2sp
+
(ρ+ − ρ−) . (2.12)
Then, the equation becomes that of a free massive field(
∂2
∂t˜2
− ∂
2
∂σ˜2
)
XI +M2XI = 0 , (2.13)
where the dimensionless “mass” M is defined as M ≡ 2ℓ2sp+µ. The general solution 2π
periodic in σ can be written as3
X I =
∑
n
(aInun + a˜
I
nu˜n) , (2.14)
un = e
−i(ωn t˜+nσ˜) = e−i(λ
+
nX
+
R
+λ−nX
+
L
) , (2.15)
u˜n = e
−i(ω˜n t˜−nσ˜) = e−i(λ˜
−
nX
+
R
+λ˜+nX
+
L
) . (2.16)
Here aIn and a˜
I
n are constant coefficients and λ
±
n etc. are given by
λ±n =
1
2ℓ2sp
+
(ωn ± n) , λ˜±n =
1
2ℓ2sp
+
(ω˜n ± n) ,
ωn = ω˜n =
n
|n|
√
n2 +M2 for n 6= 0 ,
ω0 = −ω˜0 =M .
un and u˜n consist of product of left- and right-going functions.
Next, let us consider the equations of motion for the fermions θA. In terms of the
LC-frame coordinates ρ±, they read
∂˜+θ
1 = −µθ2 , ∂˜−θ2 = µθ1 . (2.17)
3This solution was obtained in the appendix of [46] .
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Combining them we get ∂˜+∂˜−θ
A + µ2θA = 0, which is the same equation satisfied by XI .
Therefore the general solution can be written in terms of the functions un and u˜n as
ϑA =
∑
n
(bAnun + b˜
A
n u˜n) (2.18)
with µb2n = iλ
+
n b
1
n , µb˜
2
n = iλ˜
−
n b˜
1
n . (2.19)
Finally, look at the equation of motion for X−. It takes the form
∂˜+∂˜−X
− = µ2X I(∂˜+ + ∂˜−)X I + i
√
2µ(ϑ1∂˜+ϑ
2 − ϑ2∂˜−ϑ1) .
Since the RHS consists of known functions, it can be easily solved for X− by inverting
the Laplacian ∂˜+∂˜− with some appropriate boundary condition.
In this way one can obtain the general classical solutions. But now we have an apparent
puzzle: How can we construct purely left- and right-going energy-momentum tensors out
of the basis functions un(σ+, σ−) and u˜n(σ+, σ−) ?
2.3 Energy-momentum tensor
To solve this puzzle, let us look at the energy-momentum tensors T± obtained through
standard procedure. In the ρ± basis they read
T±
T
= (∂±ρ±)
2
[
1
2
∂˜±X
+∂˜±X
− +
1
4
(∂˜±XI)
2 − i√
2
∂˜±X
+(θ1∂˜±θ
1 + θ2∂˜±θ
2)
− 1
4
(∂˜±X
+)2(µ2X2I + 4
√
2iµθ1θ2)
]
. (2.20)
We want to see if T± are functions of σ±, with the use of equations of motion. Focus on
T+. Using ∂˜+X+ = 1 and µϑ2 = −∂˜+ϑ1, it reduces to
T+ = T
2
(∂+ρ+)
2
[
∂˜+X− + 1
2
(
(∂˜+XI)2 − µ2X 2I
)
− i
√
2(ϑ2∂˜+ϑ
2 − ϑ1∂˜+ϑ1)
]
. (2.21)
This can be simplified drastically upon expressing ∂˜+X− in terms of the other fields.
Using various equations of motion, the once-integrated equation for X− can be written as
∂˜+X− = −1
2
(
(∂˜+XI)2 − µ2X 2I
)
+ i
√
2(ϑ2∂˜+ϑ
2 − ϑ1∂˜+ϑ1) + f+(σ+) . (2.22)
where f+(σ+) is an arbitrary function of σ+ produced through integration process. Sub-
sitituting this into (2.21), we see that all the terms containing physical fields X I and ϑA
cancel, except for f+(σ+), and T+ collapses to an exceedingly compact expression
T+ = T
2
(∂+X+L )2f+(σ+) . (2.23)
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So we have a very peculiar situation. Although T+ is indeed a function only of σ+,
f+(σ+) cannot be made out of local products of physical fields X I(σ+, σ−), ϑA(σ+, σ−).
Dependence on these fields must be through their integrals, i.e. through σ+-independent
modes aIn, a˜
I
n, b
A
n , b˜
A
n . Another notable feature is that obviously the above form is not
smoothly connected to µ = 0 flat space case: No matter how small µ is, as long as
it is non-zero the classical solutions are connected through this quantity and hence the
energy-momentum tensors take non-flat forms.
How should f±(σ±) be fixed ? The requirement is that it must be determined so that
the correct canonical equal time commutation relations are realized among the fields. To
examine this, we now turn to the Poisson-Dirac brackets for the fields and the modes.
2.4 Poisson-Dirac brackets for the fields and the modes
The bosonic momenta are given by
P+ = T∂0X
+ , (2.24)
P− = T
[
∂0X
− − ∂0X+(µ2X2I + 4
√
2iµθ1θ2)− 2
√
2i(θ1∂+θ
1 + θ2∂+θ
2)
]
, (2.25)
P I = T∂0X
I , (2.26)
while the fermionic momenta take the form
p1 = i
√
2T (∂0X
+ − ∂1X+)θ1 = iπ+1θ1 , (2.27)
p2 = i
√
2T (∂0X
+ + ∂1X
+)θ2 = iπ+2θ2 . (2.28)
Here the quantity π± are defined by
π+1 ≡
√
2(P+ − T∂1X+) , π+2 ≡
√
2(P+ + T∂1X
+) . (2.29)
Of course the above definitions of the fermionic momenta should be regarded as primary
constraints
dA ≡ pA − iπ+AθA = 0 . (2.30)
We define the Poisson brackets as
{
XI(σ, t), P J(σ′, t)
}
P
= δIJδ(σ − σ′) , (2.31){
X±(σ, t), P∓(σ′, t)
}
P
= δ(σ − σ′) , (2.32){
θAa (σ, t), p
B
b (σ
′, t)
}
P
= −δABδabδ(σ − σ′) , (2.33)
rest = 0 . (2.34)
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Under this bracket, the fermionic constraints dAa form the second class algebra{
dAa (σ, t), d
B
b (σ
′, t)
}
P
= 2iδABδabπ
+A(σ, t)δ(σ − σ′) . (2.35)
Thus we introduce the Dirac bracket in the standard way. Then, θA become self-conjugate:
{
θAa (σ, t), θ
B
b (σ
′, t)
}
D
=
iδABδab
2π+A(σ, t)
δ(σ − σ′) .
It is convenient to define the new field ΘAa by
ΘAa ≡
√
2π+A θAa . (2.36)
It enjoys the canonical bracket relation with itself of the form
{
ΘAa (σ, t),Θ
B
b (σ
′, t)
}
D
= iδABδabδ(σ − σ′) . (2.37)
In fact it is easy to check that the set {Xµ, P µ,ΘAa } satisfy the canonical (anti)-commutation
relations under the Dirac bracket.
The next step is to find the commutation relations among the modes so that the fields
satisfy the canonical Poisson-Diract bracket relations at equal t. Here we encounter a
grave difficulty. Let us recall the solution for the transverse coordinate X I . It is given in
terms of the functions un and u˜n as
X I =
∑
n
(aInun + a˜
I
nu˜n) , (2.38)
un = e
−i(ωn t˜+nσ˜) = e−i(λ
+
nX
+
R
(σ−)+λ
−
nX
+
L
(σ+)) , (2.39)
u˜n = e
−i(ω˜n t˜−nσ˜) = e−i(λ˜
−
nX
+
R
(σ−)+λ˜
+
nX
+
L
(σ+)) . (2.40)
To extract aIn and a˜
I
n, one needs completeness relations for the functions un and u˜n at
“equal time”. Evidently, it is easy for the equal t˜ slice, just as in the LC gauge, but
extremely hard for the equal t slice of our interest. Formal expression can be derived but
it depends on the modes of X+R ,X+L in an intractably complicated way. (The reason for
this is that a non-trivial field-dependent conformal transformation is involved between the
symplectic structures in the canonical (t, σ) basis and the (t˜, σ˜) basis.) So at this point
the canonical analysis has to be abandoned.
9
3 Phase space formulation without the use of equa-
tions of motion
3.1 Basic observation
Fortunately, the difficulty encountered in the canonical analysis described above can be
overcome by the use of the phase-space formulation. The basic observation is as follows.
In ordinary field theories, the knowledge of the Poisson(-Dirac) brackets at equal t
is not enough to describe the dynamics which relates different t. This is precisely the
reason why we follow the canonical procedure. Namely, one first try to find the brackets
for t-independent modes and then compute the brackets for fields at arbitrary (unequal)
times.
But the situation is different for a string theory in the conformally invariant gauge.
It is a type of theory in which the Hamiltonian H is a member of the generators of a
large symmetry algebra, called the “spectrum generating algebra”. In such a case, the
representation theory of the algebra should know about the spectrum and the dynamics:
The analysis of the Virasoro constraints give the information of the spectrum and by
constructing the primary fields one should be able to compute the correlation functions
which carry the dynamical information. In such a case, one may use the phase space
formulation, where the equations of motion are not needed explicitly and only the equal-
time brackets should be sufficient to develop the representation theory.
3.2 Classical Viraosoro algebra in the phase space formulation
Let us now construct the Virasoro generators in terms of the phase space variables at
the classical level. To simplify the description, let us introduce dimensionless fields
A,B,S, Π˜,Π and a constant µˆ as
A =
√
2πTX , B =
√
2π
T
P , S =
√
2πΘ , (3.1)
Π˜ =
1√
2
(B + ∂1A) , Π =
1√
2
(B − ∂1A) , µˆ = µ√
2πT
. (3.2)
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It is useful to remember that the fields ({Π˜⋆},S2) are “left-moving”, while ({Π⋆},S1)
are“right-moving”. Then, the two sets of energy-momentum tensors can be written as
T+ = 1
2
(H + P) = 1
2π
(
Π˜+Π˜− +
1
2
Π˜2I −
i
2
S2∂1S2
+
µˆ2
2
A2IΠ˜
+Π+ +
iµˆ√
2
√
Π˜+Π+S1S2
)
, (3.3)
T− = 1
2
(H− P) = 1
2π
(
Π+Π− +
1
2
Π2I +
i
2
S1∂1S1
+
µˆ2
2
A2IΠ˜
+Π+ +
iµˆ√
2
√
Π˜+Π+S1S2
)
. (3.4)
where H is the Hamiltonian density and P is the momentum density. Although T+ and T−
do not manifestly commute with each other, after some careful computations, we verify
the two independent sets of closed algebras
{T±(σ, t), T±(σ′, t)}D = ±2T±(σ, t)δ′(σ − σ′)± ∂1T±(σ, t)δ(σ − σ′) , (3.5)
{T±(σ, t), T∓(σ′, t)}D = 0 . (3.6)
These relations contain the information of the time-development. In particular,
∂0H = {H, H}P = ∂1P , ∂0P = {P, H}P = ∂1H . (3.7)
where H ≡ ∫ dσH is the Hamiltonian. By adding and subtracting these equations, we
readily get ∂±T± = 0, which means
T± = T±(σ±) . (3.8)
From (3.5) and (3.8) we learn that the modes of T± form the (classical) Virasoro algebra:
T± = 1
2π
∑
n
T±n e
−inσ± , (3.9)
{
T±m , T
±
n
}
D
=
1
i
(m− n)T±m+n ,
{
T±m , T
∓
n
}
D
= 0 . (3.10)
Note that to extract the modes we only need the information at t = 0, namely
T±n =
∫ 2π
0
dσe±inσT±(σ, t = 0) . (3.11)
Thus, despite the left-right coupling, we have two independent sets of classical Virasoro
algebras for any value of µ. It is interesting to observe that viewed as exactly marginal
deformations from the flat space case they are somewhat unusual since the µ-dependent
terms are not primary with respect to the µ = 0 (flat space) theory.
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4 Quantization, quantum Virasoro algebra, and the
physical spectrum
4.1 Quantization
The quantization of the basic fields is done by replacing the Poisson-Dirac brackets by
quantum brackets in the usual way at t = 0. For example,{
Π˜+(σ), Π˜−(σ′)
}
D
= 2πδ′(σ − σ′) ⇒
[
Π˜+(σ), Π˜−(σ′)
]
= 2πiδ′(σ − σ′) . (4.1)
As for the mode expansion at t = 0, we will adopt the following convention
φ(σ) =
∑
n
φne
−inσ . (4.2)
Then, the commutator of the modes take the form such as
Π˜±(σ) =
∑
m
Π˜±me
−imσ ,
[
Π˜±m, Π˜
∓
n
]
= mδm+n,0 , etc. (4.3)
4.2 Quantum Virasoro algebra
Now we come to the construction of the quantum Virasoro operators. For this purpose,
we must (i) find an appropriate normal-ordering, (ii) make sure that the central charges
add up to 26 and (iii) add quantum corrections, if necessary.
Finding the correct normal-ordering turned out to be quite non-trivial. To describe
and check the appropriate scheme we found, it is convenient to introduce the operators
L±(σ), which satisfy the same form of the Virasoro algebra (as opposed to T± which
satisfied the relations (3.5) with different signs)
L±(σ) ≡ ±T±(σ) = 1
2π
∑
n
L±n e
−inσ . (4.4)
Now to define L±n quantum-mechanically, we adopt the “phase-space normal-ordering”
where B⋆n(n ≥ 0), A⋆n(n ≥ 1), SAa,n(n ≥ 1) are regarded as annihiliation operators. The
crucial feature of this normal-ordering is that with such a prescription the quantum oper-
ator anomalies produced by the double contractions between the non-linear terms cancel
exacly between the bosonic and fermionic contributions4. These anomalous contributions
4This in particular means that in the plane-wave background with RR flux, the Virasoro operators
made out of bosonic fields alone cannot close quantum-mechanically in a consistent way.
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are of the form (the subscript B(F ) stands for bosonic(fermionic))
CB =
1
(2π)2
([
1
2
Π˜2I(σ),
µˆ2
2
Π˜+Π+A2I(σ
′)
]
− (σ ↔ σ′)
)
, (4.5)
CF =
1
(2π)2
[−iµˆ√
2
√
Π˜+Π+S1S2(σ),
−iµˆ√
2
√
Π˜+Π+S1S2(σ′)
]
. (4.6)
Upon careful computation with appropriate regularization one finds
CB = −CF = −iµˆ
2
π
(2Π˜+Π+δ′(σ − σ′) + ∂σ(Π˜+Π+)δ(σ − σ′)) . (4.7)
With this cancellation, one verifies that L±n form two sets of quantum Virasoro algebra:
[L±(σ),L±(σ′)] = i
(
2L±(σ)δ′(σ − σ′) + ∂σL±(σ)δ(σ − σ′)
− 1
24π
(14δ′′′(σ − σ′)− 2δ′(σ − σ′))
)
, (4.8)
[L+(σ),L−(σ′)] = 0 . (4.9)
As is evident from the form of (4.8), the central charge is only 14, 10 from Xµ and
4 from Sa. This is the same as in the flat space case in the SLC gauge and the cure is
known[47]. One needs to add the quantum corrections ∆L± of the following form:
L± −→ L± +∆L± , (4.10)
∆L+ = − 1
2π
∂2σ ln Π˜
+ , ∆L− = 1
2π
∂2σ lnΠ
+ . (4.11)
∆L± almost behave as primary operators of dimension 2, except that they provide the
wanted 12 units of central charge. One can indeed verify
[L±(σ),∆L±(σ′)] + [∆L±(σ),L±(σ′)]
= i
(
2∆L±(σ)δ′(σ − σ′) + ∂σ(∆L±(σ))δ(σ − σ′)− 1
24π
12δ′′′(σ − σ′)
)
, (4.12)
so that with this addition we have the desired quantum Virasoro operators with central
charge 26.
4.3 BRST formulation and the physical spectrum
Having constructed the quantum Virasoro operators, it is now straightforward to construct
the nilpotent BRST operators Q and Q˜ for the right- and the left-sector. Q, for instance,
takes the familiar form
Q =
∑
n
c−nL
−
n −
1
2
∑
m,n
(m− n) : c−mc−nbm+n : . (4.13)
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Although the Virasoro generators L−n in this formula contain non-linear terms, the decou-
pling of the unphysical degrees of freedom, namely the non-zero modes of Π˜±,Π±, b, c, b˜
and c˜, works in a simple way. This is because one can easily prove the equivalence Q-
cohomology ≃ Q−1 cohomology, where Q−1 ≡ −Π+0
∑
n 6=0Π
−
−ncn is exactly the same as
in the free bosonic string[48]. Consequently, the physical states are the ones in the trans-
verse space HT ( i.e. without the non-zero modes above), satisfying the constraints
H = L+0 + L
−
0 = 0, P = L
+
0 − L−0 = 0.
After dropping the non-zero modes of Π˜±,Π±, our Hamiltonian becomes (with phase-
space normal-ordering understood)
H = HB +HF , (4.14)
HB = α
′p+p− +
1
2
∑
(BI−nB
I
n + ω
2
nA
I
−nA
I
n) , (4.15)
HF =
1
2
∑
(−nS1−nS1n + nS2−nS2n − iMS1−nS2n + iMS2−nS1n) , (4.16)
where ωn ≡ n|n|
√
n2 +M2. Evidently, HB describes free massive bosonic excitations. As
for HF , we need to perform diagonalization to see that it describes the corresponding
free massive fermionic excitations. To this end, construct massive oscillators in terms of
massless oscillators in the following way.
α˜In ≡
1√
2
(BIn − iωnAIn) , αIn ≡
1√
2
(BI−n − iωnAI−n) , (n 6= 0) (4.17)
αI0 ≡
1√
2
(BI0 − iMAI0) , αI0† ≡
1√
2
(BI0 + iMA
I
0) , (4.18)
S˜n ≡ N(n)
(
S2n + i
M
Ω+n
S1n
)
, Sn ≡ N(n)
(
S1−n − i
M
Ω+n
S2−n
)
, (n 6= 0) (4.19)
S0 ≡ 1√
2
(S10 − iS20) , S†0 ≡
1√
2
(S10 + iS
2
0) , (4.20)
Ω+n ≡ ωn + n , N(n) ≡
√
Ω+n
2ωn
. (4.21)
They satisfy the (anti-)commutation relations
[
α˜Im, α˜
J
n
]
=
[
αIm, α
J
n
]
= ωnδ
IJδm+n,0 ,
[
α˜Im, α
J
n
]
= 0 , (4.22)[
αI0, α
J
0
†
]
= δIJM = δIJω0 , (4.23){
S˜m, S˜n
}
= {Sm, Sn} = δm+n,0 ,
{
S0, S
†
0
}
= 1 ,
{
S˜m, Sn
}
= 0 . (4.24)
Now re-express H in terms of these oscillators and re-normal-order appropriately for the
new oscillators. Then one finds that, due to supersymmetry, the constants produced in
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this process cancel exactly and the Hamiltonian simplifies to
H = α′p+p− + αI0
†
αI0 +
∑
n≥1
(αI−nα
I
n + α˜
I
−nα˜
I
n)
+MS†0S0 +
∑
n≥1
ωn(S
†
nSn + S˜
†
nS˜n) . (4.25)
Setting H = 0 and solving for −p− = Hlc, the light-cone Hamiltonian, we get
Hlc =
1
α′p+
(
αI0
†
αI0 +
∑
n≥1
(αI−nα
I
n + α˜
I
−nα˜
I
n)
+MS†0S0 +
∑
n≥1
ωn(S
†
nSn + S˜
†
nS˜n)
)
. (4.26)
This coincides with the well-known light-cone Hamiltonian in the LC gauge[21]. Further,
P = 0 yields the level-matching condition
P =
∑
n≥1
(
n
ωn
α˜I−nα˜
I
n + nS˜
†
nS˜n
)
−
∑
n≥1
(
n
ωn
αI−nα
I
n + nS
†
nSn
)
= 0 . (4.27)
This shows that the physical spectrum of our conformal field theory is precisely the same
as in the light-cone gauge.
5 Summary and remaining issues
We have initiated the study of the superstring in the pp-wave background with RR-flux
as an exact conformal field theory in an operator formulation. Despite non-linearity, the
equations of motion can be solved exactly. However, the canonical analysis based on these
solutions meets difficulties: Transverse fields are functions of both σ+ and σ−. Only their
modes can appear in the Virasoro generators and it turned out to be extremely hard to
find the commutation relations for these modes.
We pointed out that to overcome this difficulty an alternative phase space formulation
without the use of equations of motion can be utilized. Despite the coupling between
left- and right-going fields, two independent sets of classical Virasoro generators are con-
structed. Fields can be quantized in a straightforward manner and in terms of them the
quantum Virasoro generators are defined with appropriate normal-ordering and a quan-
tum modification. They are checked to form correct Virasoro algebra. Also we have
shown that they reproduce, via BRST formulation, the correct physical spectrum previ-
ously obtained in the light-cone gauge.
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Clearly, there are many remaining problems to be investigated. We must clarify how
the global symmetries are realized, including the supersymmetry. The most important
and a challenging task is the construction of the primary fields, at least for the low lying
excitations. Once this is achieved, we should be able to compute the correlation functions
exactly in α′. It would also be of interest to construct the DDF operators for all the
excitations. Study of the modular invariance, which is awkward in the light-cone gauge,
is another important problem. It is intriguing to see how the presence of the large RR flux
affects the nature of the open/closed duality. The CFT we constructed in the SLC gauge
may be a starting point of the operator formulation of the fully covariant pure-spinor
formalism, through the double spinor extension[49] of the Green-Schwarz superstring.
Finally, we should study if our phase-space formalism could be applied to the case of
superstring in the AdS5 × S5 background in a useful way. We hope to be able to report
progress on these issues in a near future.
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